In this work, the temporal evolution of a low swirl-number turbulent Batchelor vortex is studied using pseudo-spectral direct numerical simulations. The solution of the governing equations in the vorticity-velocity form allows for accurate application of boundary conditions. The physics of the evolution is investigated with an emphasis on the mechanisms that influence the transport of axial and angular momentum. Excitation of normal mode instabilities gives rise to coherent large scale helical structures inside the vortical core. The radial growth of these helical structures and the action of axial shear and differential rotation results in the creation of a polarized vortex layer. This vortex layer evolves into a series of hairpin-shaped structures that subsequently breakdown into elongated fine scale vortices. Ultimately, the radially outward propagation of these structures results in the relaxation of the flow towards a stable high-swirl configuration. Two conserved quantities, based on the deviation from the laminar solution, are derived and these prove to be useful in characterizing the polarized vortex layer and enhancing 1 the understanding of the transport process. The generation and evolution of the Reynolds stresses is also addressed.
Introduction
Coherent large scale vortices are present in many flows of physical and engineering interest such as tornadoes, airplane trailing vortices and swirling jets. Many such vortices are highly persistent, and therefore, the need to understand their evolution and decay is of considerable importance. In this work, the temporal evolution of an isolated turbulent Batchelor vortex is investigated. This flow is roughly representative of an airplane trailing vortex and is characterized by axisymmetric mean axial and azimuthal vorticity distributions given by qe −r 2 and re −r 2 , respectively. The swirl number q sets the relative magnitudes of the axial and azimuthal velocity distributions.
The temporal linear normal mode stability (using perturbations of the form U (r)e i(kx+mθ−ωt) , where k is the axial wavenumber, m is the azimuthal wavenumber and ω = ω r + iω i , with the real part representing the frequency and the imaginary part ω i representing the growth rate) of this flow has been extensively studied ( [1, 2, 3, 4, 5] etc.) and it is well recognized that strong inviscid helical instabilities are present for q < 1.5. These modes are unstable in the pure-jet condition (q = 0), present the highest growth levels near q ≈ 0.5, and are ultimately stabilized for high swirl levels (q ≈ 1.5). Stewartson and Brown [3] discovered a class of centre-modes, that lie very close to the neutral stability curve and are stabilized for q > 2.31. Heaton [4] shows that an infinite family of unstable centre-modes modes exist for q < 2.31. In the viscous case, unstable centre-modes have been shown to exist [5] at all swirl numbers. However, akin to the centre-modes in the inviscid case, the amplification rate of these modes are much smaller than that of the strong inviscid modes that prevail for q < 1.5. Transient growth of instabilities has been studied [6, 7] , but appears to be important only in cases in which the normal mode instabilities are relatively weak. Spatial and spatio-temporal stability of this flow has also been studied [8, 9] , but is not relevant to the current work since the focus is on the temporal evolution.
Turbulent evolution of a q = 1.0 Batchelor vortex has been studied using DNS and LES [10, 11, 12] and it has been established that while the helical normal mode instabilities play a dominant role in the early stages of the evolution, the non-linear interactions with the mean flow result in a saturation (during which the axial velocity has diminished significantly) and eventual decay. The initial swirl in this case is moderate enough to cause growth of the instabilities, but the relaxation to a stable high q configuration is very rapid. Delbende et al. [13] studied the non-linear evolution of single unstable helical modes over a range of swirl numbers and also confirm the saturation of the growth rate. Further, they show that for 1 < q < 1.5, the vortex ultimately relaxes towards an axisymmetric state. For lower values of swirl, it evolves into an array of smaller coherent vortices.
In this work, the temporal non-linear and turbulent evolution of a q = 0.5 Batchelor vortex is considered. The swirl number is in the range corresponding to the most amplified normal mode instabilities. High resolution pseudo-spectral DNS of the vorticity transport equations is performed along with an accurate treatment of the boundary conditions. The objective of the present study is to enhance the present understanding of the evolution process and to obtain physical insight into the mechanisms of turbulent transport of axial and angular momentum.
Methodology and problem set up
Many of the existing computational works (for instance, [10, 14] ) on trailing vortices assume periodicity in the cross-stream directions. This means that the tangential velocity (and hence, the circulation) has to vanish at the boundaries, thus making the vortex unstable according to
Rayleigh's centrifugal stability criteria [15] . In addition, an unphysical strain field will be set up by the image vortices. Pradeep et al. [16] , demonstrate a computational case in which a trailing vortex is shown to be destabilized as a result of the application of transverse periodic boundary conditions. Alternately, Delbende et al. [13] decompose the velocity to a laminar part and a perturbation from the laminar solution and assume periodicity in the cross-stream direction for the perturbations. This can, however, potentially affect the solution of situations in which the pressure/velocity fluctuations can reach the boundary.
In the present work, the vorticity form of the incompressible Navier Stokes equations is solved using a pseudo-spectral approach. The rotational form of the vorticity transport equations is given by:
The advantage of using these equations is that for a spatially compact distribution of the vorticity in the cross-flow direction, both the linear and non-linear terms are spatially compact, and hence, periodicity can be assumed. It has to be mentioned that this approach allows for non-periodic irrotational mean flow and perturbations at the boundary. A novel way of handling the boundary conditions in such an approach was proposed by Rennich and Lele [17] . This method is general and can be used for flows in which the vorticity is compact in the two unbounded dimensions and the third direction is periodic. In essence, the velocity v 4 is decomposed into a vortical part and an irrotational part. At the cross-stream boundaries, where the vortical component is zero, the velocity is given by
where, A is the mean axial circulation and B ensures that the axial velocity in the potential region is zero. The velocity potential φ is obtained, in terms of Bessel functions, by employing a matching procedure along a cylindrical surface aligned with the longitudinal direction. The axial direction is assumed to be periodic. In addition to accurately representing the boundary conditions, this method proves to be highly efficient, since the boundaries of the computational domain can be close to the region of interest, i.e. commensurate with the compactness of the vorticity field. This methodology has been previously utilized in a related pilot work [18] to study the evolution of Batchelor vortices over a range of swirl numbers.
The initial base flow condition (v θ is the tangential velocity and v x is the axial velocity) is
given by:
where, q = 0. and it was established that the qualitative features of the evolution remained similar as long as the initial intensity of the turbulence kinetic energy was less than roughly 2% of the mean flow kinetic energy. In this paper, a representative run of intensity 0.001% will be analyzed. This will be referred to as Case I (Isotropic). Turbulence and mean flow statistics are obtained by averaging in the axial and azimuthal directions.
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To obtain a better qualitative understanding of various aspects of the evolution, a calculation, termed Case E (further details in Appendix B) starting from the most unstable Eigenfunction (m = −2, k = 1 from linear normal mode theory) will also be utilized. Case E is a helically symmetric flow [13] .
Evolution
The temporal evolution of certain global quantities for Case I is shown in Fig. 1 . As has been observed previously for a higher swirl number (q = 1) Batchelor vortex [10, 11] , the turbulence kinetic energy shows a sharp growth phase followed by a saturation of the instabilities and eventual decay (Fig. 1a) , gradually returning the vortex to a stable state. Spectral analysis revealed that most of the energy during the growth phase is concentrated in the most unstable normal mode (axial wavenumber ≈ 1 and azimuthal wave number ≈ −2), a fact that was also confirmed by flow visualization. For case E, the initial growth rate was found to match the results of the normal mode stability analysis (refer Appendix B). The peak axial velocity (and hence, the azimuthal vorticity) decays more rapidly than the peak azimuthal velocity (refer Fig. 1b , in which all the quantities are normalized by the value at t=0), resulting in a more stable configuration (or a higher q) at later times. Figure 1c shows that the core radius (radial location of peak tangential velocity) rapidly increases during the saturation phase. As will be seen later, this corresponds to a change in core structure. Also shown is the 'dispersion radius', which is qualitatively the edge of the turbulent region. This is quantitatively defined as the maximum radius at which the magnitude of the local vorticity |ω| > 0.005|ω| max , where, |ω| max is the maximum vorticity in the spatial field. This is an important measure of the extent of momentum transfer and is seen to grow rapidly even during the decay phase.
During the growth phase, instability modes are excited inside the core and most of the energy of the turbulence is concentrated in the form of helical structures. These helical structures continue to grow and propagate radially outward, until the differential rotation that persists outside the core region acts to create azimuthally aligned fine-scale structures. Figure 2 shows an axial view of the instantaneous vorticity magnitude iso-surfaces during the decay phase.
Outside the core, vorticity is filamented into fine-scale spirals that are predominantly aligned in the azimuthal direction. As will be seen from the plots of mean axial and azimuthal vorticity, the outermost ω x structures are generally of a negative sense, and the corresponding ω θ structures are of a positive sense. These fine scale structures are distinctly different from the largely 6 coherent motion inside the core and their radially outward advection is critical to the eventual stabilization of the core flow (their proximity is capable of exciting bending waves on the core structure as discussed in [19] ) and transport of momentum to the exterior of the flow. The origin, characteristics and evolution of these structures will be investigated in detail in the following sections.
Evolution of single normal mode
The qualitative features of the turbulent evolution can be better understood if the evolution of a single normal mode (Case E) is considered (Figs. 3,4) . In Case E, as the helical instability (an azimuthal '2' mode) grows, the alternating positive and negative 'lobes' of perturbation axial vorticity induce a radial velocity field that tends to distort the mean axial vorticity. Initially, the vorticity near the axis is distorted elliptically, with the major axis aligned with the positive perturbation lobes (Fig. 3b) . Similar behavior is seen for the azimuthal vorticity (Fig. 4b) . The presence of the mean negative ω x near the edge of the core corresponds to a circulation overshoot (Fig. 6a) . The presence of a local positive peak of ω θ , while exaggerated in Fig. 7b can also be seen in Fig. 6c . At the latest investigated time for Case E, similar to the findings in [13] , the secondary vortical structures are convected away from the core and an apparently 7 stable system composed of two helical lobes is observed. In Case I however, the breakdown of the dominant helical structures appear to drive the system toward a stable high-q Batchelor vortex configuration.
Turbulent Evolution
The evolution in the turbulent case is qualitatively similar to Case E, in that the helical modes are excited, core vorticity is concentrated in helical lobes and the dipole vortex layer is present at the periphery of the core. However, there are two distinct differences : (i) A multitude of helical instability modes are excited although most of the energy is concentrated in the most unstable normal mode, and, (ii) the dipole vortex layer breaks down into a multitude of distinct hairpin-type vortex structures. The origin of the hairpin structures is shown in (Fig. 9) . The two legs of the hairpin are oriented such that the leg of the hairpin with a larger x coordinate is of negative ω θ , whereas the other leg is of positive ω θ and the head of the hairpin corresponds to a negative ω x . Also, the head of the hairpin is at a larger radius than the legs, and hence, the associated negative ω x contributes to the mean negative mean ω x at that radial location. Self-induction causes the hairpin to convect radially outward. However, differential rotation tends to align it in the azimuthal direction -as the head of the hairpin rotates at a slower rate than the tail because of its relative radial location.
The associated stretching intensifies ω θ , resulting in a generation of significant enstrophy in an annular region around the core. Ultimately, the hairpin structures breakdown into elongated vortices (Figs. 2, 8d ). During the decay phase, these structures move radially outward as the core vorticity tends toward a stable state. Throughout the simulation, at least 3-5 mesh points were guaranteed across the core diameter of the hairpin structure. The energy and enstrophy spectra were monitored such that there was no significant pile up of modes in the dissipation range. In the following section, the presence and signature of these structures will be explained from dynamic considerations. It has to be mentioned that while the presence of a circulation overshoot implies that the flow is centrifugally unstable, the instabilities are not sustained in the flow, and are instead convected radially outward.
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For mean axisymmetric flow that is homogeneous in the axial directions, it can be shown that,
These relations are derived by integrating the angular and axial momentum equations over the radius. The former of the these relations is well known, for instance, eqn. 9 in [20] . In the present computations, it was confirmed that r 2 v r v θ and rv r v x were both very small at large radii, and hence, total axial momentum is conserved and the total angular momentum depends only on the viscosity (and decays very slowly at large Reynolds numbers).
Presently, decomposing the instantaneous velocity field {v x , v r , v θ } into a laminar solution (denoted by subscript l, which corresponds to the temporal evolution of the unperturbed Batchelor vortex) at that instant and a perturbation 'δ' (with {u, v, w} being the deviation of the axial, radial and tangential velocity components, respectively, from the laminar solution),
the following relations can be derived:
and, ∂ ∂t
where, a = 2π 0 adθ. It was confirmed from the simulations that at for sufficiently large R (few times r co ), the right hand sides of the above equations are negligible (less than 0.002% of maximum of the left hand side integrand), and therefore, the 'δ' angular and axial momentum flux are conserved, and do not appear to depend on the viscosity. These relations are significant because they can be used to study the transport of momentum in the flow field. Figure 10 shows the evolution of the aforementioned quantities (the LHS integrands) during the decay process. Clearly, there is a net loss of momentum (relative to the laminar evolution) inside the core and this is transferred to the exterior. It has to be recognized that the turbulent transport of mean angular and axial momentum is solely dependent on the terms − The 'δ' angular momentum can be expressed as
Then if ω x (r) > ω x,l (r) + x (a very plausible situation considering the fact that mean ω x has convected to a larger radii from the axis) at some r = r 1 , then, ω x (r) < ω x,l (r) at some r = r 2 > r 1 . ( x > 0 is related to the initial perturbation angular momentum). This is because the net 'δ' angular momentum has to be conserved and also due to the consistency condition at r = 0 as well as the compactness of w. Evidence of this can be seen from Fig. 7a, in which, at the earliest shown instant, a sudden drop in ω x (to a value below ω x,l ) is observed near the edge of the vortical region. At later instances, the corresponding ω x,l = 0 (because laminar diffusion is much slower) and hence ω x has to drop to negative levels to satisfy conservation.
Similarly, conservation of the axial momentum flux implies that if v x (r) < v x,l (r)− θ (again, a possible situation because axial velocity decays at a higher rate than the laminar case) at some r = r 1 , then, v x (r) > v x,l (r) at some r = r 2 > r 1 . During the decay phase, since the peak axial velocity in the core is likely to be at smaller levels (relative to the laminar case) and the core radius is larger, the deficient momentum is likely to be regained outside the core.
The requirement of compactness then assures v x = 0 at some radius, resulting in a positive
This can be seen in Fig. 6c and Fig. 7b .
Reynolds stress evolution
During the linear growth stage, all the components of the Reynolds stress are concentrated in annuli, primarily inside the core. v r 2 and v x 2 peak at 0.6r c (t) while v θ 2 peaks around 0.3r c (t).
Similar observations have been previously reported for a vortex with q = 1.0 in [11] , in which a detailed analysis of the Reynolds stress budgets is also presented. (The transport equations for the Reynolds stresses in tensor form are given in Appendix C). During saturation and decay, these peaks move toward the vortex axis. As has been previously reported [21] , v r 2 > v θ 2 because the primary production terms are of opposite sign. While the respective production terms of the Reynolds normal stresses peak away from the axis and dominate during the growth phase, the pressure (strain and transport) and turbulent transport terms appear to be highly significant during saturation and decay and are more active near the vortex axis. As a result, the normal stresses are concentrated near the axis during decay. In the potential part of the flow, the Corrsin-Kistler relation [22] v r 2 = v x 2 + v θ 2 is approximately satisfied.
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The primary Reynolds shear stress components, v r v θ and v x v r initially peak around a radius 0.6r c (t), but continue to migrate in a radially outward direction during the growth phase.
The primary production terms in the Reynolds stress transport equations are, respectively:
(Note: −s rθ = −(∂v θ /∂r − v θ /r)/2 and ω θ are primarily positive.) During the growth phase, the production terms are clearly dominant and dependent on the Reynolds normal stresses. During the decay phase as seen in Fig. 11a , P rθ decays rapidly inside the core and relatively slowly outside it (in fact, there is some growth). It was also confirmed that the turbulent transport and pressure terms were not significant outside the core. Therefore, the peak v r v θ migrates outside the core (Fig. 11c) , coinciding with the location of the radially advecting vortex layer discussed in the previous section.
In contrast to P rθ , P xr is primarily concentrated inside the core. This is because the former depends on the mean strain rate (which extends to r → ∞), whereas the latter depends on the vorticity (which is mainly concentrated within r < r c (t)). Accordingly, while the budget of v r v θ outside the core is dominated by the production terms, the radial outward spread of v x v r is additionally dictated by the pressure and turbulent transport terms. Since the vorticity and
Reynolds normal stresses are significant inside the core, P xr is dominant inside the core, and hence, there is some generation of v x v r near the axis. It was also observed that, in general, the contribution of the turbulent transport terms is larger in the Reynolds normal stress budgets than in the shear stress budgets.
It appears that the elongated fine scale vortices are more efficient in generating v r v θ correlation than a v x v r . Thus, angular momentum transport to the exterior is more efficient.
6 Generation of v r v θ As mentioned earlier, efficient transport of angular momentum is governed by the generation and transport of v r v θ . In this section, the associated physical mechanisms are sought. For a qualitative picture, consider Fig. 12a . The prominent vortical features are the two positive ω x and the two negative ω x structures. If only the positive ω x structures were present, four v r v θ lobes (around each ω x structure) of alternating sign will be generated. The presence of the additional dipole layer (distinguished by negative axial vorticity) results in an induced velocity field that generates positive v r v θ , mainly outside the core. A similar mechanism appears to be in play in Case I (Fig. 12b) , where toward the bottom left corner, the presence of the dipole layer surrounding the mean positive ω x generates a local positive correlation of v r v θ . Also note that the presence of a secondary counter-rotating structure will result in an additional strain-rate, thus strengthening P rθ .
Summary
A range of issues related to the temporal evolution of an initially unstable turbulent Batchelor vortex were addressed. Considerable qualitative insight on the flow was obtained by studying the non-linear evolution of a single instability mode. The formation of a dipole vortex layer was shown to be critical to the evolution process. In the case of the turbulent vortex, the dipole layer breaks down into distinct hairpin structures, which are ultimately seen to degenerate into For case Case E, the q = 0.5 Batchelor vortex was superimposed with the most unstable eigenfunction corresponding to the axial wavenumber k = 1 and azimuthal wave number m = −2. A spectral collocation code was used to generate the Eigenfunction. The kinetic energy of the perturbation was set to 1 × 10 −6 times that of the total kinetic energy. The growth rate from linear stability analysis (non-dimensionalized by the peak axial velocity deficit and initial core-radius) is ω i = 0.260805. As seen from Fig. 13 , the initial growth rate from the computation matches the theoretical prediction, but non-linear effects appear to rapidly limit this value.
C. Reynolds stress budgets
As reported in Qin [11] , the various terms in the Reynolds stress transport equations can be written in the following from:
where, the terms in the square brackets represent convection, production, rotation, pressure strain, turbulent transport, pressure transport, viscous diffusion and dissipation, respectively.
Note: the subscript () ,k represents a partial derivative. 
